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Abstract
Pre-Riesz spaces are ordered vector spaces which can be order densely
embedded into vector lattices, their so-called vector lattice covers. Given a
vector lattice cover Y for a pre-Riesz space X, we address the question how
to find vector lattice covers for subspaces of X, such as ideals and bands. We
provide conditions such that for a directed ideal I in X its smallest extension
ideal in Y is a vector lattice cover. We show a criterion for bands in X and
their extension bands in Y as well. Moreover, we state properties of ideals and
bands in X which are generated by sets, and of their extensions in Y .
1 Introduction
In the analysis of partially ordered vector spaces, subspaces as ideals and bands play
a central role. In vector lattices, problems involving those subspaces are broadly
discussed in the literature, see e.g. [1, 15, 22]. Directed ideals in partially ordered
vector spaces were introduced in [6, Definition 2.2] and studied in [2, 3, 14, 5]; for
a more recent overview see [12]. The investigation of disjointness and bands in
partially ordered vector spaces starts in [9], where for the definition of disjointness
sets of upper bounds are used instead of lattice operations. Here a band is defined
to be a set that equals its double-disjoint complement, analogously to the notion in
Archimedean vector lattices. Ideals and bands are mostly considered in pre-Riesz
spaces. An ordered vector space X is called pre-Riesz if there is a vector lattice Y
and a bipositive linear map i : X → Y such that i(X) is order dense in Y . The pair
(Y, i) is then called a vector lattice cover of X. The theory of pre-Riesz spaces and
their vector lattice covers is due to van Haandel, see [20]. Pre-Riesz spaces cover a
wide range of examples, in particular note that every Archimedean directed ordered
vector space is a pre-Riesz space. In pre-Riesz spaces, every band is a solvex ideal,
see [11]. However, bands are not directed, in general.
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In certain cases, ideals and bands in pre-Riesz spaces correspond to ideals and bands
in a vector lattice cover, see [10, 11]. More precisely, for every solvex ideal I in X
there is a smallest ideal Iˆ in Y that extends I, i.e. the pre-image of Iˆ under i equals
I. This applies, in particular, to directed ideals, as every directed ideal is solvex,
see [12]. Furthermore, for every band B in X there is a smallest band Bˆ in Y
that extends B. Conversely, ideals in Y can be restricted to ideals in X, and in
fordable pre-Riesz spaces bands in Y can be restricted to bands in X. Note that
fordability ensures that there are sufficiently many disjoint elements in X. The
extension and restriction method is a central tool to obtain properties of ideals and
bands in pre-Riesz spaces, see [11, 8].
In the present paper we answer more specific questions on extension of ideals and
bands generated by sets. Furthermore, we deal with the problem under which con-
ditions for an ideal I in X the set i(I) is order dense in Iˆ, which means that (Iˆ, i|I)
is a vector lattice cover of I. The analogous problem for bands is studied as well.
These investigations are motivated by research on spaces of operators on vector
lattices. In many cases, such an operator space is Archimedean and directed and,
hence, pre-Riesz, but not a vector lattice, such that one would like to construct an
appropriate vector lattice cover. The results of the present paper can be seen as a
fundament for these further studies on spaces of operators.
The paper is organized as follows. In Section 2 we collect all preliminaries. Section
3 is dedicated to properties of directed ideals generated by a set, where we show
the following: If S is a non-empty subset of X+ and I the ideal generated by S,
then Iˆ equals the ideal in Y generated by i(S). As a consequence, we obtain a
characterization of directed ideals by means of extension ideals. For the band B
generated by S ⊆ X, we prove that Bˆ equals the band in Y generated by i(S),
provided X is fordable. In the last statement fordability can not be omitted, as we
see in an example.
Section 4 contains the main results of this paper. The aim is to provide a technique
to compute vector lattice covers of ideals and bands in certain pre-Riesz spaces.
We show that for a directed ideal I the set i(I) is order dense in Iˆ, provided X is
pervasive. Under this condition, we establish that for a band B in X the set i(B) is
order dense in Bˆ if and only if i(B) is majorizing in Bˆ. These statements also allow
to compute the Dedekind completions of I and B as subspaces of the Dedekind
completion of X.
The paper contains several examples that clarify the conditions in the theorems
and show the limitations of the technique developed in Section 4. We conclude the
paper by a surprising example which shows that even for a directed band B in X
the smallest extension ideal and the smallest extension band of B might or might
not coincide, depending on the choice of the vector lattice cover.
2 Preliminaries
Let X be a real vector space and let X+ be a cone in X, that is, X+ is a wedge
(x, y ∈ X+ and λ, µ > 0 imply λx + µy ∈ X+) and X+ ∩ (−X+) = {0}. In X a
partial order is defined by x 6 y whenever y − x ∈ X+. The space (X,X+) (or,
loosely X) is then called a (partially) ordered vector space. For a linear subspace D
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of X we consider in D the order induced from X, i.e. we set D+ := D ∩X+.
An ordered vector space X is called Archimedean if for every x, y ∈ X with nx 6 y
for every n ∈ N one has x 6 0. Clearly, every subspace of an Archimedean ordered
vector space is Archimedean. A subspace D ⊆ X is called directed if for every
x, y ∈ D there is an element z ∈ D such that x 6 z and y 6 z. An ordered vector
space X is directed if and only if X+ is generating in X, that is, X = X+ −X+. A
linear subspace D of X is majorizing in X if for every x ∈ X there exists d ∈ D
with x 6 d. The ordered vector space X has the Riesz decomposition property
(RDP) if for every x1, x2, z ∈ X+ with z 6 x1 + x2 there exist z1, z2 ∈ X+ such
that z = z1 + z2 with z1 6 x1 and z2 6 x2. The space X has the RDP if and
only if for every x1, x2, x3, x4 ∈ X with x1, x2 6 x3, x4 there exists z ∈ X such that
x1, x2 6 z 6 x3, x4.
For standard notations in the case that X is a vector lattice see [1]. Recall that a
vector latticeX is Dedekind complete if every non-empty subset ofX that is bounded
above has a supremum. We say that a linear subspace D of a vector lattice X
generates X as a vector lattice if for every x ∈ X there exist a1, . . . , an, b1, . . . , bm ∈
D such that x =
∨n
i=1 ai −
∨m
j=1 bj .
We call a linear subspace D of an ordered vector space X order dense in X if for
every x ∈ X we have
x = inf {z ∈ D | x 6 z} ,
that is, the greatest lower bound of the set {z ∈ D | x 6 z} exists in X and equals
x, see [4, p. 360]. Clearly, if D is order dense in X, then D is majorizing in X. We
give a characterization of order denseness in Lemma 2 below. For this, we need the
following preliminary result.
Lemma 1. Let X be an ordered vector space. Let A ⊆ B ⊆ X and supA = y ∈ X.
Moreover, let b 6 y be true for every b ∈ B. Then the supremum supB exists and
we have supB = y. Analogously, for A ⊆ B ⊆ X with y = inf A ∈ X and y 6 b for
every b ∈ B it follows inf B = y.
Proof. Since we have b 6 y for every b ∈ B, the element y is an upper bound of B.
Let s ∈ X be another upper bound of B. Due to A ⊆ B and b 6 s for every b ∈ B
it follows a 6 s for every a ∈ A. Thus we obtain supA = y 6 s. Hence y = supB.
The statement for the infimum follows analogously. 
Lemma 2. Let Y be an ordered vector space and X ⊆ Y . Then X is order dense
in Y if and only if
∀y ∈ Y ∃A ⊆ X : y = inf A.
Proof. Let X be order dense in Y and let y ∈ Y . Then for A := {x ∈ X | y 6 x}
we have y = inf A. To see the converse implication, let y ∈ Y and let A ⊆ X
with y = inf A. Since for every a ∈ A we have y 6 a, it follows that A ⊆ B :=
{x ∈ X | y 6 x}. By Lemma 1 we obtain y = inf B. Hence X is order dense in Y .
Clearly, Lemma 2 can be reformulated for suprema instead of infima.
Next we define disjointness, bands and ideals in ordered vector spaces. For a subset
M ⊆ X denote the set of upper bounds of M by Mu = {x ∈ X | ∀m ∈M : m 6 x}.
For x ∈ X, we abbreviate the set {x,−x} by {±x}. The elements x, y ∈ X are
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called disjoint, in symbols x ⊥ y, if {±(x+ y)}u = {±(x− y)}u, for motivation and
details see [9]. If X is a vector lattice, then this notion of disjointness coincides with
the usual one, see [1, Theorem 1.4(4)]. Let Y be an ordered vector space, X an
order dense subspace of Y , and x, y ∈ X. Then the disjointness notions in X and Y
coincide, i.e. x ⊥ y in X holds if and only if x ⊥ y in Y , see [9, Proposition 2.1(ii)].
The disjoint complement of a subset M ⊆ X is Md := {x ∈ X | ∀y ∈M : x ⊥ y}.
A linear subspace B of an ordered vector space X is called a band in X if Bdd = B,
see [9, Definition 5.4]. If X is an Archimedean vector lattice, then this notion of
a band coincides with the classical notion of a band in vector lattices (where a
band is defined to be an order closed ideal). For every subset M ⊆ X the disjoint
complement Md is a band, see [9, Proposition 5.5]. In particular, we have Md =
Mddd. We list further properties of bands.
Lemma 3. Let X be an ordered vector space and S a non-empty set of bands in X.
Then
⋂
S is a band in X.
Proof. Clearly, (
⋂
S)dd ⊇
⋂
S. Conversely, for every band B ∈ S we have
⋂
S ⊆ B
and thus (
⋂
S)dd ⊆ Bdd = B. Hence (
⋂
S)dd ⊆
⋂
S. 
Lemma 4. Let X be a pre-Riesz space, M ⊆ X and
BM :=
⋂
{B ⊆ X | B is a band in X with M ⊆ B} . (1)
Then BM = M
dd.
Proof. As Mdd is a band which contains the set M , we obtain BM ⊆M
dd.
Conversely, let x ∈ Mdd. Let B be a band in X with M ⊆ B. Then we have
Mdd ⊆ Bdd = B. Therefore x ∈ B. Consequently, x ∈ BM . 
For M ⊆ X we call BM as in (1) the band generated by M .
The following notion of an ideal is introduced in [18, Definition 3.1]. A subset M
of an ordered vector space X is called solid if for every x ∈ X and y ∈ M the
relation {±x}u ⊇ {±y}u implies x ∈ M . A solid subspace of X is called an ideal.
This notion of an ideal coincides with the classical definition, provided X is a vector
lattice. In sharp contrast to the vector lattice setting, in an ordered vector space
bands (and therefore ideals) need not be directed, see [11, Example 5.13].
Lemma 5. Let X be an ordered vector space and S a non-empty set of ideals in X.
Then
⋂
S is an ideal in X.
Proof. Clearly,
⋂
S is a linear subspace of X. To show that
⋂
S is solid, let a ∈
⋂
S
and z ∈ X be such that {±z}u ⊇ {±a}u. For every I ∈ S we have a ∈ I and, as I
is solid, also z ∈ I. We conclude z ∈
⋂
S. 
Let X be an ordered vector space, M ⊆ X and
IM :=
⋂
{I ⊆ X | I is an ideal in X with M ⊆ I} .
We call IM the ideal generated by M .
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By [12, Theorem 4.11] a directed subspace of X is an ideal if and only if it is solvex.
Hereby, a setM ⊆ X is called solvex if for every x ∈ X, x1, . . . , xn ∈ M the inclusion
{±x}u ⊇
{
n∑
i=1
ǫiλixi
∣∣∣∣∣ λ1, . . . , λn ∈ ]0, 1] ,
n∑
i=1
λi = 1, ǫ1, . . . , ǫn ∈ {±1}
}u
implies x ∈M , see [19, Definition 2.2]. Every solvex set is solid and convex, and the
converse is true, provided X is, in addition, a vector lattice, see [19, Lemma 2.3].
It is straightforward that the intersection of solvex sets is solvex. For a set M ⊆ X,
the solvex hull of M is defined by solv(M) :=
⋂
{S ⊆ X | S solvex,M ⊆ S}. A
representation of solv(M) is given in [11, Lemma 3.4]. If D is a linear subspace of
X, then by [11, Lemma 3.5] the solvex hull of D is a solvex ideal. For a set M ⊆ X
the solvex ideal generated by M is given by
IsolvM :=
⋂
{I ⊆ X | I is a solvex ideal and M ⊆ I} .
Lemma 6. Let X be an ordered vector space andM ⊆ X a non-empty subset. Then
IsolvM = solv(IM ).
Proof. As IM is a linear subspace of X, solv(IM) is a solvex ideal. Since solv(IM)
contains S and IsolvM is the smallest solvex ideal containing S, it follows I
solv
M ⊆
solv(IM) ⊆ solv(I
solv
M ) = I
solv
M . 
Recall that a linear map i : X → Y , where X and Y are ordered vector spaces,
is called bipositive if for every x ∈ X one has i(x) > 0 if and only if x > 0.
An embedding is a bipositive linear map, which implies injectivity. For an ordered
vector space X, the following statements are equivalent, see [20, Corollaries 4.9-11
and Theorems 3.7, 4.13]:
(i) There exist a vector lattice Y and an embedding i : X → Y such that i(X) is
order dense in Y .
(ii) There exist a vector lattice Y˜ and an embedding i : X → Y˜ such that i(X) is
order dense in Y˜ and generates Y˜ as a vector lattice.
If X satisfies (i), then X is called a pre-Riesz space, and (Y, i) is called a vector
lattice cover of X. For an intrinsic definition of pre-Riesz spaces see [20]. If X is a
subspace of Y and i is the inclusion map, we write briefly Y for (Y, i). As all spaces
Y˜ in (ii) are Riesz isomorphic, we call the pair (Y˜ , i) the Riesz completion of X
and denote it by X̺. The space X̺ is the smallest vector lattice cover of X in the
sense that every vector lattice cover Y of X contains a Riesz subspace that is Riesz
isomorphic to X̺.
By [20, Theorem 17.1] every Archimedean directed ordered vector space is a pre-
Riesz space. Moreover, every pre-Riesz space is directed. If X is an Archimedean
directed ordered vector space, then every vector lattice cover of X is Archimedean.
By [23, Chapter X.3] every Archimedean directed ordered vector space X has a
unique Dedekind completion, which we denote by Xδ. Clearly, Xδ is a vector lattice
cover of X.
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Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X. The space X
is called pervasive in Y , if for every y ∈ Y+, y 6= 0, there exists x ∈ X such that
0 < i(x) 6 y. By [13, Proposition 2.8.8] the space X is pervasive in Y if and only ifX
is pervasive in any vector lattice cover. So, X is simply called pervasive. The next
lemma which characterizes pervasive pre-Riesz spaces was shown in the master’s
thesis [21, Theorem 4.15, Corollary 4.16]. It was originally formulated for the more
special case of integrally closed pre-Riesz spaces. A short proof for Archimedean
pre-Riesz spaces can be found in [16, Lemma 1].
Lemma 7. For an Archimedean pre-Riesz space X with a vector lattice cover (Y, i)
the following statements are equivalent.
(i) X is pervasive.
(ii) For every y ∈ Y+ with y 6= 0 we have y = sup {x ∈ i(X) | 0 < x 6 y}.
A pre-Riesz space X with vector lattice cover (Y, i) is called fordable in Y , if for
every y ∈ Y+ there exists a set S ⊆ X such that {y}
d = i(S)d in Y . By [13,
Proposition 4.1.18] the space X is fordable in Y if and only if X is fordable in
any vector lattice cover. So, X is simply called fordable. By [10, Lemma 2.4] every
pervasive pre-Riesz space is fordable. For S ⊆ Y we write [S]i := {x ∈ X | i(x) ∈ S}.
The next lemma is established in [16, Proposition 3].
Lemma 8. Let X be a fordable pre-Riesz space and (Y, i) a vector lattice cover of
X. Let S ⊆ X. Then
[i(S)dd]i = Sdd.
Next we discuss the restriction property and the extension property for ideals and
bands. Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X. The pair
(L,M) ⊆ P(X)× P(Y ) is said to satisfy
- the restriction property (R), if whenever J ∈M , then [J ]i ∈ L, and
- the extension property (E), if whenever I ∈ L, then there is J ∈M such that
I = [J ]i.
In [9] the properties (R) and (E) are investigated for bands, solvex ideals and ideals.
More precisely, it is shown that the extension property (E) is satisfied for bands,
i.e. for the pair (L,M) where L is the set of all bands in X and M is the set of all
bands in Y . Moreover, the restriction property (R) is satisfied for ideals. In general,
bands do not have (R) and ideals do not have (E). The pair (L,M), where L and
M are the sets of all solvex ideals in X and Y , respectively, satisfies both (E) and
(R). If X is fordable, then by [10, Proposition 2.5 and Theorem 2.6] we have (R) for
bands.
If for an ideal I in X and an ideal J in Y we have I = [J ]i, then J is called an
extension ideal of I. An extension band J for a band I in X is defined similarly.
Extension ideals and bands are not unique, in general. If an ideal I in X has an
extension ideal in Y , then
Iˆ :=
⋂
{J ⊆ Y | J is an extension ideal of I}
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is the smallest extension ideal of I in Y . Similarly, for every band B inX the smallest
extension band Bˆ is defined. For (i) in the next proposition see [11, Proposition 5.6],
for (ii) see [8, Proposition 17 (a)] and its subsequent discussion.
Proposition 9. Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X.
(i) For a solvex ideal I in X we have Iˆ = Ii(I) in Y .
(ii) For a band B in X we have Bˆ = Bi(B) in Y .
The following well-known property of ideals can be found in [22, Theorem IV.1.2].
Lemma 10. Let X be a Dedekind complete vector lattice and I ⊆ X an ideal. Then
I is a Dedekind complete sublattice of X.
3 Representation of directed ideals generated by a
set
In this section X is a pre-Riesz space. We intend to give an explicit formula for the
ideal generated by a set of positive elements. This formula is similar to the vector
lattice case.
Proposition 11. Let X be a pre-Riesz space and S ⊆ X+ a non-empty subset.
Then the ideal IS generated by S is directed and
IS =
{
x ∈ X
∣∣∣∣∣ ∃x1, . . . , xn ∈ S ∃λ ∈ R>0 : ± x 6 λ
n∑
i=1
xi
}
.
Proof. Let
A :=
{
x ∈ X
∣∣∣∣∣ ∃x1, . . . , xn ∈ S ∃λ ∈ R>0 : ± x 6 λ
n∑
i=1
xi
}
.
It is easy to see that S ⊆ A holds and the set A is a linear subspace. To see that
A is solid, let x ∈ X be such that there exists an a ∈ A with {±x}u ⊇ {±a}u.
Since a ∈ A, there exist x1, . . . , xn ∈ S and a λ ∈ R>0 with ±a 6 λ
∑n
i=1 xi, i.e.
z := λ
∑n
i=1 xi ∈ {±a}
u. It follows z ∈ {±x}u, i.e. ±x 6 λ
∑n
i=1 xi. That is, x ∈ A.
We conclude that A is solid.
Next we show that A is directed. Let x ∈ A. Then there are x1, . . . , xn ∈ S and
a λ ∈ R+ with ±x 6 λ
∑n
i=1 xi =: z. Clearly, z ∈ A+. Thus x = z − (z − x) is a
decomposition of the element x into two positive elements of A, i.e. A is directed.
We show A = IS. For the inclusion A ⊆ IS, let x ∈ A and z := λ
∑n
i=1 xi be as
above. Notice that z ∈ IS. As {±x}
u ⊇ {z}u = {±z}u, due to IS being solid it
follows x ∈ IS. The converse inclusion IS ⊆ A is immediate, since A is an ideal
containing the set S. Altogether, we have A = IS. 
Corollary 12. Let X be a pre-Riesz space and S a directed linear subspace of X.
Then the ideal IS is directed.
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Proof. Due to S = S+ − S+ and IS+ = IS by Proposition 11 we obtain that IS is
directed. 
Corollary 12 leads to the question whether an analogous statement is true for a
band B in X. That is, if B is generated by a directed linear subspace, is then B
likewise directed? The following example shows that the answer is negative even if
X is pervasive, has the RDP and an order unit.
Example 13. In a pervasive pre-Riesz space with RDP and an order unit a directed
ideal might generate a non-directed band.
The ordered vector space
X :=
{
f ∈ C[−1, 1]
∣∣∣∣ f(0) = f(−1) + f(1)2
}
endowed with pointwise order is first considered by Namioka in [17, Example 8.10],
where it is shown that X is not a vector lattice, but has the RDP (see also [23, V.2,
Beispiel 9]). From [8, Example 18] it follows that X is an Archimedean pre-Riesz
space and C[0, 1] is a vector lattice cover of X. In [16, Example 12] it is established
that X is pervasive. Moreover, it is shown that the ideal
I :=
{
f ∈ X
∣∣ f([−1
2
, 0] ∪ {−1, 1}) = 0
}
in X is not a band. Clearly, I is directed. For the band generated by I we have
BI = I
dd =
{
f ∈ X
∣∣ f([−1
2
, 0]) = 0
}
, which is not directed by [16, Example 12].
4 Extension of ideals and bands generated by sets
In this section X, is a pre-Riesz space and (Y, i) a vector lattice cover of X. For a
set S ⊆ X we intend to relate IS in X to Ii(S) in Y , and, similarly, BS in X to Bi(S)
in Y . These results will be used in Section 5.
Proposition 14. Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X.
Let S ⊆ X be a non-empty subset. Then i(IS) ⊆ Ii(S) ∩ i(X).
Proof. Let x ∈ IS. It is sufficient to show i(x) ∈ Ii(S). Define the two sets
R := {I ⊆ X | I ideal and S ⊆ I} and S := {I ⊆ X | I solvex ideal and S ⊆ I} .
By the definition of IS we have x ∈
⋂
R. As an ideal is solvex if and only if it has
an extension ideal in Y , we obtain
i(x) ∈ i
(⋂
I∈R
I
)
=
⋂
I∈R
i(I) ⊆
⋂
I∈S
i(I) ⊆
⋂
J ideal in Y,
i(S)⊆J
J = Ii(S).

If in the setting of Proposition 14 we have S ⊆ X+, then the subsequent result
establishes, in particular, the equality i(IS) = Ii(S) ∩ i(X).
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Proposition 15. Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X.
Let S ⊆ X+ be a non-empty subset. Then the smallest extension ideal of the ideal
IS is the ideal Ii(S) in Y .
Proof. We first show that Ii(S) is an extension ideal of IS. The inclusion IS ⊆ [Ii(S)]i
follows from Proposition 14. For the converse inclusion recall that the ideal Ii(S) in
the vector lattice Y has the form
Ii(S) =
{
y ∈ Y
∣∣∣∣∣ ∃s1, . . . , sn ∈ S ∃λ > 0: |y| 6 λ
n∑
k=1
i(sk)
}
.
Thus for every x ∈ X with i(x) ∈ Ii(S) there exist s1, . . . , sn ∈ S such that ±x 6
λ
∑n
i=1 si. By Proposition 11 it follows x ∈ IS. Altogether we have IS = [Ii(S)]i, i.e.
Ii(S) is an extension ideal of IS. It is left to show that Ii(S) is the smallest extension
ideal of IS. This follows immediately, as every extension ideal of IS has to contain
the set i(S). 
The following result gives conditions, under which an ideal in a pre-Riesz space is
directed. In particular, it shows that directed ideals are precisely those ideals which
have an extension ideal generated by positive elements of the pre-Riesz space.
Theorem 16. Let X be a pre-Riesz space with a vector lattice cover (Y, i) and let
I ⊆ X be an ideal. Then the following statements are equivalent.
(i) I is directed.
(ii) There exists a set S ⊆ X+ of positive elements such that I = IS.
(iii) The set i(I) is majorizing in Ii(I).
(iv) I has an extension ideal and for the smallest extension ideal Iˆ of I there exists
a set S ⊆ X+ such that Iˆ = Ii(S).
If one of the previous statements is true, then in (ii) and (iv) we can choose S := I+.
Proof. (i) ⇒ (ii): Let S := I+. Clearly, since I is directed and IS is a vector space
containing S, we have I = I+− I+ ⊆ IS. On the other hand, due to S ⊆ I it follows
IS ⊆ II = I.
(ii) ⇒ (i): This implication follows from Proposition 11.
(i) ⇒ (iii): Let I be a directed ideal in X and let z ∈ Ii(I). In the vector lattice Y
for the ideal Ii(I) we have
Ii(I) = {y ∈ Y | ∃a ∈ i(I) : |y| 6 |a|} .
That is, there exists an a ∈ i(I) such that |z| 6 |a|. Since I is directed, there are
a1, a2 ∈ i(I+) = i(I)+ with a = a1 − a2. We obtain the inequality z 6 |z| 6 |a| =
a+ + a− 6 a1 + a2 ∈ i(I+). Therefore i(I) is majorizing in Ii(I).
(iii) ⇒ (i): Let i(I) be majorizing in Ii(I) and let x ∈ I. Then |i(x)| ∈ Ii(I) is
majorized by a positive element i(a) ∈ i(I), i.e. i(x) 6 |i(x)| 6 i(a) and thus x 6 a.
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Let x1 := a > 0 and x2 := a− x > 0. Then x = x1 − x2 for x1, x2 ∈ I+. That is, I+
is generating and therefore I is directed.
(ii) ⇒ (iv): This implication follows from Proposition 15.
(iv) ⇒ (ii): Let I have the smallest extension ideal Iˆ in Y such that Iˆ = Ii(S) for a
set S ⊆ X+. By Proposition 15 we have IS = [Ii(S)]i = I. 
Note that, contrary to the case of ideals, a set S ⊆ X+ may generate a non-directed
band BS , see Example 13 with S := I+.
Corollary 17. Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X.
Let S be a non-empty subset of X+. Then we have Ii(S) = Ii(IS).
Proof. Clearly, i(S) ⊆ i(IS) and therefore Ii(S) ⊆ Ii(IS). For the converse inclusion,
notice that by Proposition 15 the smallest extension ideal of IS in Y is the ideal
Ii(S). Hence i(IS) ⊆ Ii(S), which implies Ii(IS ) ⊆ Ii(S). 
Next we investigate under which conditions an analogue of Proposition 15 is true
for bands. By Proposition 9 for a band B ⊆ X the smallest extension band is given
by Bi(B). Let B = BS for a non-empty set S ⊆ X. Under which conditions is the
smallest extension band of B given by Bi(S)?
Theorem 18. Let X be a fordable pre-Riesz space and (Y, i) a vector lattice cover
of X. Let S ⊆ X be a non-empty subset. Then the smallest extension band of BS is
the band Bi(S).
Proof. First notice that by Lemma 8 and Lemma 4 we have
[Bi(S)]i = [i(S)
dd]i = Sdd = BS ,
that is, the band Bi(S) is an extension band of BS. Due to S ⊆ BS every extension
band of BS contains the set i(S). The band Bi(S) is the smallest band in Y containing
i(S) and thus is the smallest extension band of BS . 
In the following example we show that in Theorem 18 the condition of X being
fordable can not be omitted.
Example 19. A non-fordable pre-Riesz space in which for a subset S the band Bi(S)
is not the extension band of BS.
Let X := R3. Consider in X the four vectors
v1 =

 10
1

, v2 =

 01
1

, v3 =

 −10
1

, v4 =

 0−1
1

,
and let the order on X be induced by the four ray cone K4 := pos {v1, v2, v3, v4},
i.e. by the positive-linear hull of the vectors v1, . . . , v4. By [7, Proposition 13] the
pre-Riesz space (X,K4) can be order densely embedded into R
4 equipped with the
standard cone R4+. Recall that X
′ is identified with R3. By [11, Example 4.8] the
cone K4 can be represented using the functionals
f1 =

 −1−1
1

, f2 =

 1−1
1

, f3 =

 11
1

, f4 =

 −11
1


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in X ′, namely K4 = {x ∈ R
n | ∀i ∈ {1, . . . , 4} : fi(x) > 0}. The map i : X → R
4,
given by i : x 7→ (f1(x), . . . , f4(x))
T , is a bipositive embedding of (X,K4) into the
vector lattice cover (R4,R4+).
Let S := {v1, v4}. Observe that span {v1, v4} = kerf4. In [11, Example 5.13] it
is established that all non-trivial bands in X are one-dimensional. Therefore the
smallest band in X containing S is the whole space X, i.e. we have BS = X.
Since i(S) =
{
(0, 1, 1, 0)T , (1, 1, 0, 0)T
}
, it follows (i(S))d = span
{
(0, 0, 0, 1)T
}
. This
yields
Bi(S) = span
{
(1, 0, 0, 0)T , (0, 1, 0, 0)T , (0, 0, 1, 0)T
}
.
In [11, Example 5.13] it is shown [Bi(S)]i = span {v1, v4} 6= BS. It follows that Bi(S)
is not an extension band of BS.
As was already mentioned in [11, Example 5.13], the pre-Riesz space X does not
have the restriction property (R) for bands, since the restriction span {v1, v4} of the
band Bi(S) to X is not a band. As every fordable pre-Riesz space has (R) for bands,
we conclude that X is not fordable.
In a pre-Riesz space, by Theorem 16 an ideal I is directed if and only if i(I) is
majorizing in Ii(I). Is the same equivalence true for every band B in X? Clearly,
if i(B) is majorizing in Bi(B), then B is directed. The next example demonstrates
that the converse is not true even under additional conditions on the space X.
Example 20. A pervasive pre-Riesz space with RDP and an order unit, where for a
directed band B the linear subspace i(B) is not majorizing in the smallest extension
band Bˆ of B.
Let X = C1[0, 1] be the vector space of continuously differentiable functions on
the interval [0, 1] endowed with pointwise order. From [10, Example 3.7] it follows
that Y := C[0, 1] is a vector lattice cover of the pre-Riesz space X and that X is
pervasive. Let
S :=
{
f ∈ X+
∣∣ f([0, 1
2
] ∪ {1}) = 0
}
.
Recall that for x, y ∈ X we have x ⊥ y in X if and only if i(x) ⊥ i(y) in Y . Thus
the band generated by S has the form B := BS =
{
f ∈ X
∣∣ f([0, 1
2
]) = 0
}
. Clearly,
BS is directed. For the band Bi(S) in Y we have
Bi(S) =
{
f ∈ Y
∣∣ f([0, 1
2
]) = 0
}
.
As pervasiveness implies fordability, we can apply Theorem 18. It yields that Bi(S)
is the smallest extension band of B. That is, we have Bi(S) = Bˆ = Bi(B). However,
i(B) is not majorizing in Bi(S). Indeed, let g ∈ Y be defined by g(t) = 0 for t ∈ [0,
1
2
]
and g(t) = t − 1
2
for t ∈ ]1
2
, 1]. Then we have g ∈ Bi(S), but there does not exist a
continuously differentiable function f ∈ B such that g 6 f .
In the remainder of this section we provide an application of Theorem 16. The result
in Theorem 22 below is a generalization of a well-known statement for Archimedean
vector lattices. First we recall a technical result for Archimedean pervasive pre-Riesz
spaces, which is given in [16, Theorem 10].
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Proposition 21. Let X be an Archimedean pervasive pre-Riesz space and let I be
a directed ideal in X. Then{
x ∈ X+
∣∣∣ x = sup {a ∈ I | 0 6 a 6 x}} = (Idd)+.
Theorem 22. Let X be an Archimedean pervasive pre-Riesz space, a ∈ X and
S ⊆ X+ such that supS exists in X. Then the relation a ⊥ S implies a ⊥ supS.
Proof. Let S ⊆ X+ be such that supS exists in X and let a ∈ X with
a ⊥ S. Consider the set M := {x ∈ X | ∃s ∈ S : 0 6 x 6 s}. Clearly, M =
{x ∈ IS | ∃s ∈ S : 0 6 x 6 s}. Since S ⊆ M , by Lemma 1 we obtain that supM
exists in X and supM = supS. Let A := {x ∈ IS | 0 6 x 6 supM}. Due to
M ⊆ A by Lemma 1 we obtain that supA exists in X and equals supM . To sum
up, we have supM = sup {x ∈ IS | 0 6 x 6 supM}.
We show a ⊥ supM . Since the set S consists of positive elements, by Theorem 16
the ideal IS is directed. As X is Archimedean and pervasive, by Proposition 21 we
conclude that supM ∈ IddS = BS. We have a ∈ S
d = Sddd = BdS and therefore
a ⊥ supM . The equality supM = supS yields a ⊥ supS. 
Clearly, in the setting of Theorem 22 we obtain for two sets S1, S2 ⊆ X+, for
which the suprema supS1 and supS2 exist in X, that the relation S1 ⊥ S2 implies
supS1 ⊥ supS2.
Note that in [16, Example 20] an Archimedean pre-Riesz space X and a directed
band B = BS for a set S ⊆ B+ are given, where the existence of supS in X does
not imply that supS is an element of B. By Theorem 22 we obtain conditions for
an according affirmative statement.
Corollary 23. Let X be an Archimedean pervasive pre-Riesz space and S ⊆ X+ a
non-empty subset for which supS exists in X. Then supS ∈ BS.
Proof. For every a ∈ Sd by Theorem 22 it follows that supS ⊥ a. Hence by Lemma 4
we have supS ∈ Sdd = BS. 
5 Order denseness of ideals and bands in their ex-
tensions
We consider again a pre-Riesz space X and a vector lattice cover (Y, i) of X. For
a solvex ideal I and a band B in X, there exist the smallest extension ideal Iˆ of I
and the smallest extension band Bˆ of B in Y . Clearly, these extensions are vector
sublattices of Y . By means of i, we embed I into the vector lattice Iˆ, and B into
the vector lattice Bˆ. This raises the questions under which conditions i(I) is order
dense in Iˆ, and i(B) is order dense in Bˆ. We give examples that these questions
can not be answered affirmatively, in general, even if i(I) is majorizing in Iˆ, or i(B)
is majorizing in Bˆ. We will show some affirmative results in pervasive pre-Riesz
spaces.
We begin with an example of a pre-Riesz space that is not pervasive and provide a
directed ideal I such that i(I) is not order dense in Iˆ.
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Example 24. A directed ideal which is majorizing but not order dense in its small-
est extension ideal.
We resume Example 19, where we considered X := R3 endowed with the order
induced by the four ray cone K4. As is established in [12, Theorem 4.8 and Propo-
sition 4.10], for every positive functional f on X which is extremal in the dual cone
the kernel of f is a solvex ideal in X. In particular, for the functional f4 as in Ex-
ample 19 the space I := kerf4 is a solvex ideal in X. Geometrically, I corresponds
to the plane generated by the vectors v1 and v4 in K4. Note that I is directed. For
S := {v1, v4} we have I = IS. Applying Proposition 15, we obtain that the subspace
Iˆ := I{i(v1),i(v4)} =
{
(x1, x2, x3, 0)
T
∣∣ x1, x2, x3 ∈ R} of Y = R4 is the smallest exten-
sion ideal of I. By Theorem 16 and Corollary 17 the subspace i(I) is majorizing in
Iˆ = Ii(I). We have
i(I) = i(X) ∩ Iˆ = span
{

1
1
0
0

,


0
1
1
0


}
=
{

λ
λ+ µ
µ
0


∣∣∣∣∣ λ, µ ∈ R
}
.
We show that i(I) is not order dense in Iˆ. To that end, let z := (1, 0, 1, 0) ∈ Iˆ.
We establish that z can not be written as an infimum of elements in i(I). Let
M := {x ∈ i(I) | z 6 x} =
{
(λ, λ+ µ, µ, 0)T
∣∣ λ, µ > 1}. As the lattice operations
in Y are pointwise, infM exists in i(X) and equals (1, 2, 1, 0)T 6= z. That is, i(I) is
not order dense in Iˆ.
Remark 25. Note that Example 24 yields a negative answer to the following ques-
tion: Let X be an Archimedean pre-Riesz space with a vector lattice cover (Y, i)
and D ⊆ X a directed subspace of X. Since D is Archimedean, it follows that D
is pre-Riesz. Does there exist a sublattice Dˆ of Y such that i(D) is order dense in
Dˆ? In Example 24, the subspace i(I) of Y is a vector lattice in the sense that it
is stable under its own lattice operations, not those inherited from Y . That is, i(I)
is not a vector sublattice of Y . If A ⊆ Y is the smallest sublattice of Y containing
I, then A has to contain the pointwise supremum of (1, 1, 0, 0)T and (0, 1, 1, 0)T .
Hence, A = Iˆ. We already established that i(I) is not order dense in Iˆ. Therefore
Y does not contain a vector lattice cover of I.
In Theorem 27 below we give conditions such that a directed ideal is order dense in
its smallest extension ideal. First we need the following theorem which characterizes
pervasive pre-Riesz spaces.
Theorem 26. Let X be an Archimedean pre-Riesz space, Y a vector lattice and
i : X → Y a bipositive linear map. Then the following statements are equivalent.
(i) i(X) is order dense in Y and X is pervasive.
(ii) i(X) is majorizing in Y , and for every y ∈ Y+ there is A ⊆ i(X)+ such that
y = supA.
Proof. (i) ⇒ (ii): Since i(X) is order dense in Y , it is majorizing. For y = 0
by setting A := {0} ⊆ i(X) we obtain y = supA. For y ∈ Y+, y 6= 0, we can
set A := {v ∈ i(X) | 0 < v 6 y}. As X is Archimedean, by Lemma 7 we obtain
supA = y.
13
(ii) ⇒ (i): We first show the order denseness of X in Y . To that end, we establish
instead
∀y ∈ Y ∃A ⊆ i(X) : y = supA
and then apply Lemma 2. Clearly, if y > 0, then by our hypothesis we are finished.
Let y ∈ Y be arbitrary. Then there exists an element yo ∈ Y+, yo 6= 0, such that
y < yo. That is, we have y = yo − z for some z ∈ Y+, z 6= 0.
We show first for the case z ∈ i(X) that y = yo−z can be written as a supremum of a
subset of i(X). Since yo is positive, by assumption there exists a set C ⊆ i(X)+ such
that yo = supC. It follows y = yo − z = supC − z = sup(C − z). Due to C ⊆ i(X)
and z ∈ i(X) we have A := C − z = {c− z | c ∈ C} ⊆ i(X) and y = supA.
Let now y = yo− z with z ∈ Y+, z 6= 0. Since i(X) is majorizing in Y , there exists a
z ∈ i(X) such that z > −y, i.e. y + z > 0. Then the decomposition y = (y + z)− z
is such that yo := y + z ∈ Y+ and z ∈ i(X). By the above argumentation it follows
that there exists a set A ⊆ i(X) such that y = supA. Using Lemma 2 we conclude
that X is order dense in Y .
To see that X is pervasive, notice that by assumption for every y > 0 there exists a
set A ⊆ i(X)+ with y = supA. Clearly, A ⊆ {v ∈ i(X) | 0 6 v 6 y}. By Lemma 1
it follows that sup {v ∈ i(X) | 0 6 v 6 y} exists in X and equals y. With Lemma 7
we conclude that X is pervasive. 
Theorem 27. Let X be an Archimedean pervasive pre-Riesz space with a vector
lattice cover (Y, i). Let I ⊆ X be a directed ideal and Iˆ ⊆ Y the smallest extension
ideal of I. Then (Iˆ , i|I) is a vector lattice cover of the pre-Riesz space I, and I is
pervasive.
Proof. Since the ideal I is directed, it is solvex. Hence there exists the smallest
extension ideal Iˆ of I in Y . The ideal Iˆ is a sublattice of Y with the order induced
from Y .
We intend to show the properties of Theorem 26 (ii) for I and Iˆ. We first prove
that I is majorizing in Iˆ. As I is directed, by Proposition 15 and Corollary 17 we
have Iˆ = Ii(I). Now Theorem 16 implies that i(I) is majorizing in Iˆ.
To show the second property of Theorem 26 (ii), let d ∈ Iˆ+. Since X is pervasive,
by Lemma 7 we obtain
d = sup {b ∈ i(X) | 0 < b 6 d} .
As Iˆ is an extension ideal of I, we have i(X)∩ Iˆ = i(I). Using the ideal property of
Iˆ, we get
d = sup {b ∈ i(X) | 0 6 b 6 d}
= sup
{
b ∈ i(X) ∩ Iˆ
∣∣∣ 0 6 b 6 d}
= sup {b ∈ i(I) | 0 6 b 6 d} .
Thus the set A := {b ∈ i(I) | 0 6 b 6 d} ⊆ i(I)+ is such that supA = d. Theorem 26
now implies that i(I) is order dense in Iˆ and that I is pervasive. 
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Corollary 28. Let X be an Archimedean pervasive pre-Riesz space. Let I ⊆ X be
a directed ideal and Iˆ the smallest extension ideal of I in Xδ. Then (Iˆ, i|I) is the
Dedekind completion of I, and I is pervasive.
Proof. We apply Theorem 27 to Y := Xδ. Then Lemma 10 yields the result. 
Remark 29. A result analogous to Corollary 28 for the Riesz completion X̺ does
not exist, so far. For an Archimedean pervasive pre-Riesz space X, a directed ideal
I ⊆ X and the smallest extension ideal Iˆ ⊆ X̺ of I, by Theorem 27 the space
(Iˆ , i|I) is a vector lattice cover of I. We conjecture that Iˆ is the Riesz completion
of I.
The next example shows that a directed band is not order dense in its smallest
extension band, in general.
Example 30. A directed band which is majorizing but not order dense in its small-
est extension band.
We resume Example 19. As is established in [11, Example 5.13], the linear subspace
B := span {v2} of X is a band. The band B corresponds in i(X) to the linear
subspace i(B) = span
{
(0, 0, 1, 1)T
}
. Since in R4 the lattice operations are pointwise,
the subspace Bˆ =
{
(0, 0, x3, x4)
T
∣∣ x3, x4 ∈ R} is the smallest extension band of B
in R4.
Clearly, i(B) is majorizing in Bˆ. However, i(B) is not order dense in Bˆ. Let namely
z := (0, 0, 0, 1)T ∈ Bˆ. By an argumentation similar to Example 24 the element z
can not be written as an infimum of elements in i(B).
Next we study under which conditions a band has its smallest extension band as a
vector lattice cover.
Theorem 31. Let X be an Archimedean pervasive pre-Riesz space with a vector
lattice cover (Y, i). Let B ⊆ X be a band and Bˆ ⊆ Y an extension band of B. Then
the following statements are equivalent.
(i) i(B) is majorizing in Bˆ.
(ii) i(B) is order dense in Bˆ.
Moreover, if (i) or (ii) are satisfied, then B is a pre-Riesz space and hence directed
and Bˆ is a vector lattice cover of B. Moreover, B is pervasive.
Proof. The implication (ii) ⇒ (i) follows immediately.
We show (i)⇒ (ii). Since i(B) is majorizing in the sublattice Bˆ of Y , it follows that
B is directed. Indeed, for b1, b2 ∈ B we have i(b1) ∨ i(b2) ∈ Bˆ. As B is majorizing
in Bˆ, there exists a c ∈ B with i(b1) ∨ i(b2) 6 i(c), i.e. b1, b2 6 c. Due to X being
pervasive and Archimedean Lemma 7 implies for every d ∈ Bˆ+
d = sup {b ∈ i(X) | 0 6 b 6 d} .
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For the extension band Bˆ we have i(X)∩ Bˆ = i(B). The ideal property of Bˆ yields
d = sup {b ∈ i(X) | 0 6 b 6 d} =
= sup
{
b ∈ i(X) ∩ Bˆ
∣∣∣ 0 6 b 6 d} =
= sup {b ∈ i(B) | 0 6 b 6 d} .
That is, for every d ∈ Bˆ+ there exists a set A ⊆ i(B) such that supA = d. As i(B)
is majorizing in Bˆ, by Theorem 26 we obtain that i(B) is order dense in Bˆ and B
is pervasive. 
Corollary 32. Let X be an Archimedean pervasive pre-Riesz space. Let B be a
band in X, Bˆ the smallest extension band of B in Xδ, and let i(B) be majorizing in
Bˆ. Then (Bˆ, i|B) is the Dedekind completion of B, and B is pervasive.
Let X be an Archimedean pervasive pre-Riesz space with a vector lattice cover
(Y, i). Clearly, if Bˆ is a vector lattice cover of a band B in X, then B is directed.
Is the converse true? That is, is an analogous result to Theorem 27 true for bands?
This is not the case, as in Example 20 the band B is directed in an Archimedean
pervasive pre-Riesz space X, but i(B) is not majorizing in Bˆ. Thus by Theorem 31
the subspace i(B) is not order dense in Bˆ. Though Bˆ in Example 20 is not a proper
candidate for a vector lattice cover of B, the smallest extension ideal Iˆ of B in Y is.
Indeed, as B is a directed ideal, Iˆ exists and by Proposition 15 and Corollary 17 we
have Iˆ = Ii(B) =
{
f ∈ Y
∣∣ f([0, 1
2
]) = 0, f is differentiable in 1
2
}
. By Theorem 27
the ideal Iˆ is a vector lattice cover of B.
In this example Bˆ and Iˆ do not coincide. This raises the following questions: Are
there instances where the smallest extension ideal and the smallest extension band
of a band coincide? Is this property dependent on the vector lattice cover in con-
sideration? The subsequent example, which originated during a discussion with
O. van Gaans, gives affirmative answers to those questions.
Example 33. The smallest extension ideal and the smallest extension band of a
band in a pervasive pre-Riesz space might or might not coincide, depending on the
considered vector lattice cover.
Let PA[−1, 1] := {f ∈ C[−1, 1] | f piecewise affine} be the vector lattice of all
piecewise affine continuous functions on [−1, 1] (finitely many pieces). Denote by
U(0) ⊆ [−1, 1] a neighbourhood of 0 and let
X0 := {f ∈ PA[−1, 1] | ∃U(0), c ∈ R ∀t ∈ U(0) : f(t) = c} .
Then X0 is a vector lattice which is order dense in Y := C[−1, 1]. We can regard
X0 as a pre-Riesz space with X0 as its own Riesz completion, hence X0 is pervasive.
Define a function q ∈ C[−1, 1] by
q(t) =
{
t2 − 1
4
t ∈
[
−1,−1
2
]
∪
[
1
2
, 1
]
0 t ∈
]
−1
2
, 1
2
[
.
The ordered vector space X := span (X0 ∪ {λq ∈ C[−1, 1] | λ ∈ R}) ⊆ Y is a pre-
Riesz space. However, X is not a vector lattice, since X does not have the RDP.
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Indeed, define two functions a1, a2 ∈ X with a1(t) = −t −
1
2
for t ∈ [−1,−1
2
] and
a1(t) = 0 for t ∈ ]−
1
2
, 1] and a2(t) = t−
1
2
for t ∈ [1
2
, 1] and a2(t) = 0 for t ∈ [−1,
1
2
[.
Then q 6 a1 + a2. However, there do not exist q1, q2 ∈ X such that q = q1 + q2 and
q1 6 a1, q2 6 a2.
Since X0 ⊆ X, we obtain that X is order dense in Y and pervasive. As the second
vector lattice cover of X we consider the Riesz completion X̺, which can be repre-
sented as the vector sublattice of Y generated by X. Note that every element of X̺
is constant on a neighbourhood of 0. The set
B := {f ∈ X | ∃U(0) ∀t ∈ [−1, 0] ∪ U(0) : f(t) = 0}
is a band in X. Observe that B ⊆ X0. As B is a band in the vector lattice X0, it
is directed. We show that the smallest extension ideal and the smallest extension
band of B in X̺ coincide, whereas they do not coincide in the vector lattice cover
Y .
The subspace
IYB := {f ∈ Y | ∃U(0) ∀t ∈ [−1, 0] ∪ U(0) : f(t) = 0}
is the ideal generated by B in Y . As B is solvex, IYB is the smallest extension ideal of
B in Y . Analogously, the ideal IX
̺
B generated by B in X
̺ is the smallest extension
ideal of B in X̺.
The ideal IYB is not a band. Indeed, the function x ∈ (I
Y
B )
dd with x(t) = 0 for
t ∈ [−1, 0] and x(t) = t for t ∈ ]0, 1] does not belong to IYB . In the vector lattice
Y we have (IYB )
dd = BYB , which is the smallest extension band of B in Y . Thus we
established IYB ( B
Y
B .
For IX
̺
B we have (I
X̺
B )
d = {f ∈ X̺ | f([0, 1]) = 0}. Since every element of X̺ is
constant on a neighbourhood of 0, we obtain
(IX
̺
B )
dd = {f ∈ X̺ | ∃U(0) ∀t ∈ [−1, 0] ∪ U(0) : f(t) = 0} = IX
̺
B .
In the vector lattice X̺ the band (IX
̺
B )
dd = BX
̺
B is the smallest extension band of
B. So we have shown IX
̺
B = B
X̺
B .
The example shows that the properties of extension bands and extension ideals
might change, depending on which vector lattice cover we deal with.
To sum up, the main results in the Theorems 27 and 31 are set in pervasive pre-Riesz
spaces. It is an interesting question for further research whether similar statements
are true under milder conditions.
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